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Abstract 

This study summarizes twelve years of research on the structure of forest stands of different tree species, 

focusing on the relationship between diameter distributions (thickness structure) and height–diameter curves 

(height structure). Based on numerous sample plots, the analysis compares distribution curves of the number of 

trees by diameter classes relative to the mean diameter (dav), and corresponding average height curves. Two newly 

introduced indicators – the asymmetry index (Ias) for thickness structure and the steepness index (Ist) for height 

structure – provide simple and practical tools for analyzing the dynamics of stand structure. Results demonstrate 

that all studied species (spruce, fir, Scots pine, seed-origin beech, seed-origin oak, coppice oak, and Scots pine 
plantations) show right-skewed asymmetry in diameter distribution, which corresponds to steeper height curves. 

Comparisons with Tyurin’s Unified Curve (1938) confirm the validity of these findings. The relationship between 

asymmetry and steepness makes it possible to evaluate stand productivity and wood volume potential more 

effectively. 
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Introduction 

The regularities in the structure of 
forest stands form the basis for creating 

adequate models 33for assessing the amount of 

timber in the forest and its assortment structure. 

The present author, over a period of 12 years, 
using a sufficient number of sample plots (SP) 

for stands of various tree species, has studied 

the distribution curves of the number of trees 
(N) by diameter classes to establish the 

symmetry or asymmetry in this distribution 

relative to the average diameter dav. On the basis 

of the same sample plots, height curves were 
also studied, representing average heights (Hav) 

by diameter classes for a given stand. The 

results have been published in 13 publications 

[10÷22]. 
In this work, an attempt is made to summarize 

the 9results of these studies by comparing two 

types of stand structures – by thickness (Nd) and 
by height (H) – for the following tree 

species(TS): spruce, fir, Scots pine, seed-origin 

beech, seed-origin oak, coppice oak, and Scots 

pine plantations.
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The distribution curves are studied in relation to 
the average diameter (dav), which according to 

forest inventory science (Weise’s rule) for 

even-aged stands divides the total number of 

trees into two unequal parts: about 60% thinner 
and 40% thicker. When we have 57% thinner 

trees, the distribution is considered symmetrical 

(based on A. Tyurin’s Unified Curve, 1938). 
Right asymmetry occurs when the number of 

trees thicker than dav predominates, which is 

advantageous from the viewpoint of wood 
volume and assortment structure. Steepness, on 

the other hand, characterizes the height curves 

(H) and shows the magnitude of height H 

increase between diameter classes; under 
otherwise equal conditions, stands with steeper 

curves are more productive. 

Da Silva et al. (2024), using NLME 
(Nonlinear Mixed-Effects) models, established 

the parameters of the height–diameter (H–D) 

relationships at different stand densities. The 
steepness index (Ist) (Petrin, 2021, 2022, 2023a, 

2024, 2025) can be used as a simpler and more 

accessible alternative to the steepness 

parameters bbb, reflecting the influence of 
competition (stand density) on the steepness of 

the height curves. 

Ciceu et al. (2020, 2023), studying H–
D models for the structure of broadleaved tree 

species, found that environmental conditions 

affect the shape and steepness of height curves. 

Ist allows direct comparison of this dynamic 
without complex parameterization. 

Bronisz & Mehtätalo (2020), with 

hierarchical NLME models, show that competition 

and stand density influence the shape (steepness) of 

H–D curves. Ist is functionally similar to their 

steepness indicators and can also serve as a simpler 

and more directly computable measure in similar 

studies. 

In mixed stands, Siipilehto et al. (2023) 
investigated the shape of H–D curves depending on 

species interactions. Ist can summarize these 

differences, providing the possibility for a practical 

forestry interpretation. 

MacPhee et al. (2018) found that H–D model 

parameters reflect the rate of height development 

depending on stand density. Ist represents a direct 

and simpler alternative for comparing curves at 

different degrees of competition. 

The Weibull function, used in studies by 

Bailey & Dell (1996), describes diameter 
distributions through the shape parameter kkk, 

which indicates the degree of asymmetry. The 

asymmetry index (Ias) of Petrin (2023, 2024), which 

is directly calculated from the cumulative curve, is 

analogous to kkk. 

Ciceu, Pitar, and Badea (2021) analyzed 

diameter distributions in mixed, uneven-aged stands 
in the Southern Carpathians (Romania). The main 

objective was to develop statistical models 

describing the structure of diameter classes and their 

dynamics under varying age and spatial 

heterogeneity. The authors used flexible probability 

functions, including Weibull, to describe the actual 

distribution of tree numbers by diameter and to 

assess their accuracy. It was shown that in uneven-

aged stands, distributions are often asymmetric, 

skewed toward smaller diameters. This tendency can 

also be interpreted using Petrin’s asymmetry index, 

which numerically captures deviations of the 
distribution from symmetry. 

In their study, Lee, D.; Siipilehto, J.; Miina, 

J.; Niemistö, P.; Haapanen, M.; Hynynen, J.; 

Huuskonen, S. (2024) used a site index and models 

of stand characteristics for silver birch plantations in 

southern and central Finland. By analyzing heights 

and diameters in plantation conditions, they showed 

that tree size distributions are often approximately 

normal or slightly skewed. Here, asymmetry is 

linked to productivity assessment. In fast-growing 

species, the distribution is more balanced (Weibull 
k≈3.5–4.0k \approx 3.5–4.0k≈3.5–4.0, i.e., slight 

negative skew), meaning that Petrin’s asymmetry 

index (2024, 2025) would have moderate values. On 

poorer soils and in more uneven stands, a clearer 

positive skew appears (trees predominantly on the 

left of the average, leading to lower values of 

Petrin’s asymmetry indices). 

Lebedev, A. V.; Kuzmichev, V. V. (2020) 

tested the applicability of simple 2- and 3-parameter 

models for the height–diameter relationship of birch 

(Betula pendula and Betula pubescens) in the 

European part of Russia. The main models used 
were Monamur, Korf, Näslund, etc. The authors 

recommend using such models for forest 

management purposes and for stock predictions. 

Lebedev, A. V. (2020), based on a large 

number of sample plots of varying age, site quality, 

and density, developed new generalized h=f(d)h = 

f(d)h=f(d) models for birch stands in European 

Russia. He introduced generalized nonlinear 

functions valid for all stands. 
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Objects and Methods 

 

The author’s publications on the stands of the 

above-mentioned tree species are listed in the 

References. 
The formulas used in the study are as follows: 

      Relative curves qx, two types: 

1. Distribution curves of the number of trees: 

qNx = Nk /N_dav (1), 

where Nk is the number of trees in the 

respective diameter class, and 

N_dav  – the number of trees corresponding to 

the mean diameter. 

2. Height curves: 

qHx = Hк/Hav (2), 

where Hк is the height in the respective 

diameter class, and  
Hav – the average height of the stand. 

Cumulative distribution curve 

Regardless of the type of distribution – relative or 

absolute – the cumulative distribution curve is 

calculated, which represents a constantly increasing 

semi-parabolic curve, similar to the usual form of 

the height curve. 

The formula is: 

Nsum_x = Nk+ ∑N1÷k  (3), where: 

Nk is the number of trees in a given 
diameter class k, and 

∑N1÷к – the sum of the numbers of trees in the 

preceding diameter classes. 

The cumulative curve is obtained so that 

for each diameter class the sum corresponds to the 

number of trees in all classes up to and including the 

current one. 

 Asymmetry coefficient 

 

Cas=(∑N1÷k+Nd_av/2)/ ∑Nx (4), 

 

where: 
∑Nx_1÷k  – the sum of the numbers of trees (Nx) up to 

the diameter class corresponding to dav, 

Nd_av  – the number of trees in the central diameter 

class, 

∑Nx – the total number of trees in the stand. 

The asymmetry coefficient represents THE 

RATIO of the number of trees up to the central 

diameter class (dav) plus half of the number 

corresponding to it, to the total number (in relative 

form – 100% or 1.0). 

 
Asymmetry index of the distribution 

 

Ias=Nsum_Ω /Nsum_m (5), 

 

where: 

Nsum_Ω – the total number of trees (which in the 

cumulative curve corresponds to the final right-hand 

diameter class), and 

Nsum_m – the cumulative number of trees up to and 

including the mean diameter dav. 

Steepness index of the height structure 

curves 
 

Ist = HΩ/Hm (6), where: 

 

HΩ – the height at the end of the studied diameter 

interval, and 

Hm – the height at dav, i.e. the average height of the 

stand. 

 

Results 
In Table 1 the curves and the two asymmetry 

indicators – the asymmetry coefficient and the 

asymmetry index – are presented for each tree 

species. For spruce, for example, the distribution 

curve is shown first in relative (corresponding to 

percentage) form, followed by qx of the same curve 

(from formula 1), then the cumulative curve is 

calculated (formula 3), and finally qx of the 

cumulative curve or qx of the asymmetry (again 

according to formula 1). The average relative 

distribution curve for all tree species has also been 
calculated, and similar calculations have been 

carried out for Tyurin’s unified distribution curve. 

Table 1 

Calculation of asymmetry indicators coefficients and indices of asymmetry 

Tree 

Species 

Indicator

s 

Natural Degrees of Thickness Asymmetr

y 

Coefficien
t (Cas) 

0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 

Spruce Nrel 0.0

7 

0.0

9 

0.1

1 

0.1

4 

0.1

5 

0.1

5 

0.1

1 

0.0

8 

0.0

5 

0.0

3 

0.0

2 

0.49 
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qx_N 0.4

7 

0.6

0 

0.7

3 

0.9

3 

1.0

0 

1.0

0 

0.7

3 

0.5

3 

0.3

3 

0.2

0 

0.1

3 

Nsum 0.4

7 

1.0

7 

1.8

0 

2.7

3 

3.7

3 

4.7

3 

5.4

7 

6.0

0 

6.3

3 

6.5

3 

6.6

7 

qx__asi

m 

0.1

3 

0.2

9 

0.4

8 

0.7

3 

1.0

0 

1.2

7 

1.4

6 

1.6

1 

1.7

0 

1.7

5 

1.7

9 

Fir Nrel 0.0

8 

0.1

0 

0.1

4 

0.1

5 

0.1

4 

0.1

3 

0.0

9 

0.0

8 

0.0

5 

0.0

3 

0.0

1 

0.54 

qx_N 0.5

7 

0.7

1 

1.0

0 

1.0

7 

1.0

0 

0.9

3 

0.6

4 

0.5

7 

0.3

6 

0.2

1 

0.0

7 

Nsum 0.5
7 

1.2
9 

2.2
9 

3.3
6 

4.3
6 

5.2
9 

5.9
3 

6.5
0 

6.8
6 

7.0
7 

7.1
4 

qx__asi

m 

0.1

3 

0.3

0 

0.5

2 

0.7

7 

1.0

0 

1.2

1 

1.3

6 

1.4

9 

1.5

7 

1.6

2 

1.6

4 

Scots 

Pine 

Nrel 0.0

6 

0.0

8 

0.1

4 

0.1

7 

0.1

8 

0.1

5 

0.1

1 

0.0

6 

0.0

4 

0.0

2 

0.0

1 

0.53 

qx_N 0.3

3 

0.4

4 

0.7

8 

0.9

4 

1.0

0 

0.8

3 

0.6

1 

0.3

3 

0.2

2 

0.1

1 

0.0

6 

Nsum 0.3

3 

0.7

8 

1.5

6 

2.5

0 

3.5

0 

4.3

3 

4.9

4 

5.2

8 

5.5

0 

5.6

1 

5.6

7 

qx__asi

m 

0.1

0 

0.2

2 

0.4

4 

0.7

1 

1.0

0 

1.2

4 

1.4

1 

1.5

1 

1.5

7 

1.6

0 

1.6

2 

Seed 

Beech 

Nrel 0.0

8 

0.1

1 

0.1

4 

0.1

4 

0.1

4 

0.1

2 

0.1

0 

0.0

7 

0.0

5 

0.0

4 

0.0

2 

0.54 

qx_N 0.5

6 

0.7

5 

1.0

0 

1.0

0 

1.0

0 

0.8

8 

0.6

9 

0.5

0 

0.3

8 

0.2

5 

0.1

3 

Nsum 0.5

6 

1.3

1 

2.3

1 

3.3

1 

4.3

1 

5.1

9 

5.8

8 

6.3

8 

6.7

5 

7.0

0 

7.1

3 

qx__asi

m 

0.1

3 

0.3

0 

0.5

4 

0.7

7 

1.0

0 

1.2

0 

1.3

6 

1.4

8 

1.5

7 

1.6

2 

1.6

5 

Seed Oak Nrel 0.0

6 

0.1

0 

0.1

3 

0.1

7 

0.1

7 

0.1

5 

0.1

0 

0.0

6 

0.0

3 

0.0

2 

0.0

1 

0.54 

qx_N 0.3
6 

0.5
8 

0.7
5 

1.0
4 

1.0
0 

0.9
0 

0.6
0 

0.3
5 

0.1
9 

0.1
3 

0.0
6 

Nsum 0.3

6 

0.9

4 

1.6

9 

2.7

2 

3.7

2 

4.6

3 

5.2

3 

5.5

7 

5.7

6 

5.8

9 

5.9

5 

qx__asi

m 

0.1

0 

0.2

5 

0.4

5 

0.7

3 

1.0

0 

1.2

4 

1.4

0 

1.5

0 

1.5

5 

1.5

8 

1.6

0 

Coppice 

Oak 

Nrel 0.0

6 

0.0

9 

0.1

2 

0.1

7 

0.1

7 

0.1

6 

0.1

0 

0.0

6 

0.0

3 

0.0

2 

0.0

1 

0.53 

qx_N 0.3

5 

0.5

4 

0.6

9 

1.0

0 

1.0

0 

0.9

2 

0.6

0 

0.3

5 

0.1

9 

0.1

3 

0.0

6 

Nsum 0.3

5 

0.8

8 

1.5

8 

2.5

8 

3.5

8 

4.5

0 

5.1

0 

5.4

4 

5.6

3 

5.7

7 

5.8

3 

qx__asi

m 

0.1

0 

0.2

5 

0.4

4 

0.7

2 

1.0

0 

1.2

6 

1.4

2 

1.5

2 

1.5

8 

1.6

1 

1.6

3 

Scots 

Pine 

Plantation

s 

Nrel 0.0

7 

0.1

0 

0.1

3 

0.1

5 

0.1

5 

0.1

5 

0.1

0 

0.0

6 

0.0

4 

0.0

3 

0.0

2 

0.52 

qx_N 0.4

4 

0.6

3 

0.8

8 

1.0

0 

1.0

0 

1.0

0 

0.6

9 

0.3

8 

0.2

5 

0.1

9 

0.1

3 

Nsum 0.4

4 

1.0

6 

1.9

4 

2.9

4 

3.9

4 

4.9

4 

5.6

3 

6.0

0 

6.2

5 

6.4

4 

6.5

6 

qx__asi

m 

0.1

1 

0.2

7 

0.4

9 

0.7

5 

1.0

0 

1.2

5 

1.4

3 

1.5

2 

1.5

9 

1.6

3 

1.6

7 

Average   qx_N 0.4
4 

0.6
1 

0.8
3 

1.0
0 

1.0
0 

0.9
2 

0.6
5 

0.4
3 

0.2
7 

0.1
8 

0.0
9 

0.53 
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*- The relative expression of the number of trees Nrel corresponds to the percentage. 

  

  

 
Figure 1. Relative distribution curves - qx__N by tree species
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9 
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Figure 2. Summary (relative) distribution curves - Nsum_rel by tree species 

As can be seen from Fig. 2, the cumulative 
distribution curves are of a form similar to the height 

curves – rising semi-parabolic curves. (That is why 

the formulas for Ias (f. 3) and for Ist (f. 6) are similar 

in nature.) From the cumulative curves themselves, 

their steepness cannot be estimated. 

 

All distribution curves (qx), which are 

relative with respect to the number of trees 

corresponding to the mean diameter (NDT = 1.0) , 

intersect at the abscissa and ordinate point 1.0, and 

the figure shows the differences in their asymmetry 

with respect to dav. The corresponding asymmetry 

coefficients indicate that the difference in 
asymmetry is not large for the tree species. That is, 

all tree species – spruce, fir, Scots pine, seed beech, 

seed oak, and coppice oak – have very close ranks 

of the mean tree, for which the asymmetry 

coefficient is the indicator; it varies from 0.49 for 

spruce to 0.54 for seed beech, oak, and fir. Thus, they 

all have a right-skewed distribution. The average 

asymmetry coefficient is Cas = 0.53, while that of 

Tyurin’s unified curve equals 0.57.  Therefore, 

relative curves were calculated, called Normal 

Number Curves, or asymmetry curves, which are 

presented in Table 2. 

 

Table 2  

Curves of normal numbers of summary curves, or asymmetry curves - qx__asim 

Tree 
species 

Natural degrees of thickness 

0,6 0,7 0,8 0,9 1,0 1,1 1,2 1,3 1,4 1,5 1,6 

Spruce 0,13 0,29 0,48 0,73 1,00 1,27 1,46 1,61 1,70 1,75 1,79 

Fir 0,13 0,30 0,52 0,77 1,00 1,21 1,36 1,49 1,57 1,62 1,64 

Scots 

pine 
0,10 0,22 0,44 0,71 1,00 1,24 1,41 1,51 1,57 1,60 1,62 

0.00

1.00

2.00

3.00

4.00

5.00

6.00

7.00

8.00

0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7

N
su

m
_

re
l

Natural degrees of thickness

Spruce Seed oak
Scots pine plant. Average curve of Tyurin
Fir Scots pine stands
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Seed 

beech 
0,13 0,30 0,54 0,77 1,00 1,20 1,36 1,48 1,57 1,62 1,65 

Seed oak 0,10 0,25 0,45 0,73 1,00 1,24 1,40 1,50 1,55 1,58 1,60 

Cappice 

oak 
0,10 0,25 0,44 0,72 1,00 1,26 1,42 1,52 1,58 1,61 1,63 

Scots 

pine pl. 
0,11 0,27 0,49 0,75 1,00 1,25 1,43 1,52 1,59 1,63 1,67 

Average 0,11 0,27 0,48 0,74 1,00 1,24 1,41 1,52 1,59 1,63 1,66 

Average 

curve of 

Tyurin 

0,05 0,20 0,44 0,72 1,00 1,20 1,34 1,43 1,48 1,50 1,51 

 

From Table 2 and Fig. 3 it can be seen that 

the asymmetry curves qx__as intersect at the same 

abscissa point, corresponding to NDТ 1.0, i.e. dav, 

  

while at the final abscissa point NDT=1.6 

the asymmetry index is recorded for the individual 

tree species. 

 

Figure 3. Curves of normal numbers qx__asim of asymmetry 
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Figure 4. Average absolute height curves by tree species 

In Fig. 3 the most characteristic values of 

the asymmetry indices are shown – the highest is Ias 

of spruce, with the most right-skewed asymmetry – 

1.79, the average is 1.66, and the lowest is that of 

Tyurin’s unified curve – 1.51, which corresponds to 

the SYMMETRICAL type of distribution. The 

larger the asymmetry index, the more right-skewed 

it is.  

In Fig. 4 the height curves by tree species 

in meters are shown, also called height structure 

curves. From the absolute height curves one cannot 

judge their STEEPNESS. Therefore, relative height 

curves were calculated in relation to the average 

height of the respective stands. 

 

 

Table 3 
 Average relative height curves by tree species - qx__H 

Tree 

species 

Natural degrees of thickness 

0,6 0,7 0,8 0,9 1,0 1,1 1,2 1,3 1,4 1,5 1,6 

Spruce 0,71 0,79 0,87 0,94 1,00 1,05 1,1 1,14 1,17 1,20 1,23 

Fir 0,76 0,83 0,89 0,95 1,00 1,04 1,08 1,11 1,13 1,16 1,19 

Scots 

pine 
0,79 0,86 0,91 0,96 1,00 1,03 1,05 1,08 1,09 1,12 1,15 

Seed 

beech 
0,78 0,85 0,91 0,96 1,00 1,03 1,07 1,09 1,12 1,15 1,18 

Seed 

oak 
0,78 0,85 0,90 0,95 1,00 1,04 1,08 1,11 1,13 1,16 1,19 

Cappice 

oak 
0,79 0,86 0,91 0,96 1,00 1,03 1,05 1,08 1,09 1,12 1,15 

Scots 

pine pl. 
0,81 0,85 0,92 0,95 1,00 1,03 1,04 1,08 1,09 1,12 1,15 
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Average 0,77 0,84 0,90 0,95 1,00 1,04 1,07 1,10 1,12 1,15 1,18 

Average 

curve of 

Tyurin 

0,85 0,89 0,93 0,97 1,00 1,03 1,06 1,08 1,10 1,12 1,14 

 

 

 

In Table 3 and in Fig. 5 the relative height 
curves qx_H are presented numerically and also 

illustrated, which again intersect at NDT 1.0. In the 

last column of the table the steepness indices of the 

height curves can be seen. And in Fig. 5 it is shown 

that the steepest height curve is that of spruce, with 

the highest steepness index – Ist = 1.23, the average 

index is 1.18, and the lowest is for Tyurin’s unified 

height curve – 1.14, i.e. there is complete  

 

 

 

 

 

correspondence between the asymmetry 
indices (Fig. 3) and the steepness indices. 

 Figure 6 shows three the mean relative 

curves - of distribution, asymmetry (from the 

cumulative distribution), and height steepness for all 

tree species combined, together with Tyurin’s 

corresponding curves. They intersect at the same 

abscissa–ordinate point (1.0), enabling direct 

comparison. Our results indicate higher asymmetry 

(greater right-hand skewness) and correspondingly 

higher steepness indices of the height curves (1.66; 

1.18) than those of Tyurin (1.51; 1.14). 

 

 
Figure 5. Average relative height curves qx_H  by tree species and Ist 
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Figure 6. Average curves of distribution (Nd), asymmetry (qx_N), and height (qx_H) – ours and Tyurin’s 

 

Table 4 

 Summary data for Cas, Ias and Ist_H 

Tree Species Cas Ias Ist_H 

Spruce 0.49 1.79 1.23 

Scots Pine Plantations 0.52 1.67 1.15 

Coppice Oak 0.53 1.63 1.15 

Scots Pine 0.53 1.62 1.15 

Seed Beech 0.54 1.65 1.18 

Fir 0.54 1.64 1.19 

Seed Oak 0.56 1.60 1.19 

Average 0.53 1.64 1.17 

Average curve of Tyurin 0.57 1.5 1.14 

In Table 4 the values of the asymmetry 

coefficients, and correspondingly the asymmetry 

indices and the steepness indices, are presented in 

ascending order. The same data are illustrated  

in Fig. 7. 
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Figure 7. Coefficients (Cas) and indices of asymmetry (Ias), and indices of steepness (Ist) by tree species 

From Fig. 7 it can be seen that the 

asymmetry coefficients for all tree species 

increase slightly, i.e. the asymmetry from 

spruce through the other species up to the 

Average Tyurin Curve shifts to the left, and this 

is accompanied by a simultaneous decrease in 

the asymmetry indices and in the steepness 

indices. 

Conclusions 

The study shows that the structural 

regularities of stands in terms of thickness 

(asymmetry of diameter distributions) are 

related to those in terms of height (steepness of 

height-diameter curves). For all studied species, 

distributions skewed to the right correspond to 

steeper height curves, which indicates higher 

productivity and better potential for wood 

volume. The newly applied indices – Ias and Ist 

– allow for an accessible and effective 

comparison of different types of stand structure 

of different tree species. The approach offers 

opportunities for a more accurate assessment of 

forest resources, and for improved decision-

making in the field of silviculture. 
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